For an accurate treatment of the shock wave propagation in high-energy astrophysical phenomena, such as supernova shock breakouts, gamma-ray bursts and accretion discs, a knowledge of radiative transfer plays a crucial role. In this paper we consider 1D special relativistic radiation hydrodynamics by solving the Boltzmann equation for radiative transfer. The structure of a radiative shock is calculated for a number of shock tube problems including strong shock waves, a relativistic and radiation dominated cases. Calculations are performed using an iterative technique which consistently solves the equations of relativistic hydrodynamics and relativistic comoving radiative transfer. Comparison of radiative transfer solutions with the Eddington approximation and the M1 closure is made. Qualitative analysis of moment equations for radiation is performed and conditions for the existence of jump discontinuity for non-relativistic case are investigated numerically.
INTRODUCTION
There are a number of topical high-energy astrophysical phenomena in which radiative transfer occurs in moving media: supernovae, gamma-ray bursts (GRBs), jets from active galactic nuclei and collapsars. In all of these phenomena, the radiative transfer can play a crucial role in dynamics and it should be included in simulations leading to identification of observation signatures.
One of the striking example of the phenomenon of this type is supernova shock breakout. It produces a bright flash, caused by a shock wave emerging on the surface of the star after the phase of collapse or thermonuclear explosion in interiors. Recent detections of supernova shock breakouts (Schawinski et al. 2008; Gezari et al. 2008; Soderberg et al. 2008 ) require more accurate theoretical models which are usually constructed numerically in non-relativistic treatment (see e.g. Klein & Chevalier (1978) ; Ensman & Burrows (1992) ; Kelly & Korevaar (1995) ; Blinnikov et al. (1998 Blinnikov et al. ( , 2000 ; Katz et al. (2010) ; Tominaga et al. (2011) ; Katz et al. (2012) ; Sapir et al. (2013) ; Sapir & Halbertal (2014) ). Our previous study of supernova shock breakout phenomena (Tolstov et al. 2013 ) revealed the importance of accurate light curves of Type Ibc supernovae, where the velocity of matter at the epoch of shock breakout becomes mildly-relativistic. The shock wave can reach highly relativistic velocities in exploding white dwarfs and hypernovae. Better description of supernova shock breakout phenomena and the connection of supernovae with gamma-ray bursts require a self-consistent solution of relativistic radiation hydrodynamics and the detailed study of a shock wave structure. * E-mail: alexey.tolstov@ipmu.jp 5 Hamamatsu Professor.
In this paper we consider the problem of the structure of shock waves coupled with radiation at arbitrary velocity of matter for one-dimenstional plane stationary shock. There are many papers related to shock wave structure problem (Zeldovich 1957; Raizer 1957; Belokogne 1959; Imshennik & Morozov 1964; Morozov 1971; Belokogne 1972a; Weaver 1976; Chapline & Granik 1984; Bouquet et al. 2000; Drake 2007; Coulombel & Lafitte 2009; Kraiko 2011; Vaytet et al. 2013 ), but in all of them non-relativistic motion of the fluid (v/c ≪ 1) or approximations of radiation field are considered. A number of papers has been published where the shock wave structure is calculated numerically for relativistic velocities of matter (Farris et al. 2008; Zanotti et al. 2011; Fragile et al. 2012; Sadowski et al. 2013; Takahashi et al. 2013; McKinney et al. 2014 ), but they are based on the solution of radiation moments equations using a closure condition. In some cases this approach provides a relevant solution, but sometimes it is difficult to estimate the relevance of the closure condition and the exact solution of kinetic equation is needed. To resolve this uncertainty and to estimate how accurate the previous studies are we take into consideration radiative transfer equation. This approach eliminates the closure condition and help to clarify the role of radiation in the shock wave structure at various flow velocities.
Like a striking example of the influence of radiative transfer on the structure of a radiative shock wave we will consider the phenomenon of the disappearance of shock wave jump discontinuity (viscouse jump) in the radiation dominated flow for non-relativistic velocities. The previous theoretical estimations provide values of the criti-cal downstream ratio of the radiation pressure p r to the pressure of the monoatomic gas p g from p r /p g ≃ 4.45 (Belokogne 1959; Weaver 1976 ) to p r /p g ≃ 8.5 in more accurate consideration of radiation moment equations in the Eddington approximation (Imshennik & Morozov 1964) . This value seems to be very sensitive to the closure condition and for this problem our numerical simulations and analytic estimations provide more accurate result.
STATEMENT OF THE PROBLEM
The problem of radiative transfer in moving media in general formulation leads to the solution of the system of the relativistic radiation hydrodynamics equations coupled with the relativistic radiative transfer equation. In this paper we consider one-dimensional, plane and stationary shock waves. Due to complexity of the problem a number of simplifications are introduced: local thermodynamic equilibrium (LTE), gray-body opacity law, zero value scattering opacity, Γ-law equation of state.
Thus the complete system of equations describing the shock wave structure consists of the equation of state, the equations of radiation hydrodynamics and the equation of radiative transfer:
where n is the polytropic index, Γ = 1 + 1/n, ǫ -specific internal energy,
Here the density of the matter ρ and pressure p in equations are measured in the fluid frame. Radiative transfer equation is written in the comoving frame and the dependence of the specific intensity I 0 from space variable is suppressed in the notation. The specific intensity I 0 and lab-frame radiation moments E, F, P are related as:
The equation of radiative transfer in the comoving frame (5) (Mihalas 1980) after integration over angle µ 0 can be replaced by the radiation moments equations coupled with a closure condition (see Appendix A for details):
The equations (10-12) are easier to solve in comparison with the radiative transfer equation (5), but the choice of the Eddington factor f in general case is not obvious. To compare the solution of the radiative transfer equation below we will consider a couple of approximations of the Eddington factor: a). Eddington approximation (optically thick medium) Minerbo 1978; Levermore 1984; Dubroca & Feugeas 1999 ) (combines approximations for optically thick and optically thin media)
NUMERICAL SOLUTION AND TESTS
To investigate how the radiative transfer affects the shock wave structure we consider a number of shock tube tests which are widely used in relativistic radiation hydrodynamics (Farris et al. 2008; Zanotti et al. 2011; Fragile et al. 2012; Sadowski et al. 2013; Takahashi et al. 2013; McKinney et al. 2014) . These test data are summarized in Table 1. A number of closure conditions is used: the Eddington approximation, the M1 closure and the exact solution of radiative transfer problem.
We use RADA code (Tolstov & Blinnikov 2003; Tolstov 2010) to solve radiative transfer equation in the comoving frame (5). The code is based on the method of characteristics and can be applied to the motion of the fluid with arbitrary velocity. The code is multigroup but as we consider gray medium no spectra details are calculated. Hydro equations are solved semi-analytically (see Appendix A for details). Numerical space grid used for radiative transfer is independent of hydro grid and it is based on an adaptive algorithm to improve performance of characteristics method and resolve discontinuities of radiation quantities. Hydro equation and radiative transfer equation are solved by iterative algorithm. Radiation moments equations (10-11) are integrated by Dormand-Prince method with adaptive step.
3.1. Non-relativistic strong shock In this test a strong, gas-pressure dominated, nonrelativistic shock is propagating into a cold gas. Despite radiative transfer and the M1 closure gives the Eddington factor f different from the Eddington closure ( Fig.1) , this does not affect significantly on hydro and radiation profiles. The high value of the Eddington factor in upstream has almost no effect on gas-pressure dominated, cold medium.
3.2. Mildly-relativistic strong shock Calculated radiation profiles for this test reveal discontinuity in comoving radiation energy density (Fig. 2) . Jump of radiation energy density E 0 can be estimated by a simplified assumption of velocity β being a step function at discontinuity region. Using Lorentz transformation for radiation energy density jump ∆E 0,D we have:
Substituting β L and β R from in a good agreement with our numerical calculation, but several times lower than in the Eddington approximation (3). The M1 closure gives much better approximation of relativistic transformations for this test. Calculation of this kind of discontinuity requires fine space grid for radiative transfer and we use adaptive grid to increase the number of points near discontinuity region. We note that the same discontinuity can be resolved for Test f1 as well, but it is negligibly small due to non-relativistic velocities.
3.3. Highly-relativistic wave This is gas-dominated test, but no discontinuity is observed (Fig. 4) due to hot upstream gas. Similar to test f1 no significant difference between various closure conditions is revealed in profiles. Eddington factor in upstream can not affect radiation profiles because of high radiation energy density in downstream.
3.4. Radiation-pressure dominated, mildly-relativistic wave This test is radiation-dominated, but the shock wave is not strong and radiation energy density in downstream is only several times higher than in upstream. This fact leads to larger dependence on closure condition (Fig. 5) . Both hydro and radiation profiles become smoother for M1 closure in comparison with the Eddington approximation, and even smoother in exact calculation of radiative transfer. The solution is quite sensitive to the Eddington factor value.
QUALITATIVE ANALYSIS
One can see that in some tests from the previous section we have discontinuity, but in some cases all profiles are smooth. The critical downstream radiation-togas pressure ratio (p r /p g ) cr at which the discontinuity disappears in non-relativistic consideration has been investigated previously. In consideration of shock jump conditions the ratio (p r /p g ) cr ≃ 4.45 for monoatomic gas (Belokogne (1959) ; Weaver (1976) ; see also detailed study in Belokogne (1972a) and more correct original paper (Belokogne 1972b) ). Using more sophisticated approach in the Eddington approximation ((p r /p g ) cr ≃ 8.5, (Imshennik & Morozov 1964) ). In more general formulation p r /p g = 2 + (3 + 2n) 1/2 (Belokogne (1972a), see also Weaver & Chapline (1974) for relativistic case), but in this paper we limit our consideration by the polytropic index n = 1.5.
By solution of radiative transfer problem the exact value of this ratio can be calculated using our code.
In finding the critical ratio the upstream gas is supposed to be cold, its pressure is low and non-relativistic consideration is used.
Our analysis is based on the approach described in Imshennik & Morozov (1964) paper. In that paper approximate solution of the problem and qualitative analysis of equations (10-11) in phase plane are performed in the Eddington approximation. This approach gives the critical ratio (p r /p g ) cr ≃ 8.5 (Imshennik & Morozov 1964) .
In this paper we extend phase plane analysis to arbitrary velocities (see Appendex A), include radiative transfer and construct a number of tests to analyse the shock wave structure for low-pressure, cold upstream gas and to clarify what is critical ratio in exact solution of the radiative transfer equation.
The tests we constructed (Table II) provide a set of shock tube configuration from classical shock with discontinuity to radiation dominated shock wave up to the pressure ratio p r /p g ≃ 10. Upstream density, velocity and pressure are fixed, radiation energy density is variable and upstream pressure and temperature are negligable in comparison with downstream.
Our modeling of shock front using the Eddington closure reproduces the general picture of Zeldovich spike behaviour and the results of Imshennik & Morozov (1964) paper: the disappearance of the shock jump at p r /p g ≃ 8.5 (Fig. 6) . At p r /p g > 5 the peak of the temperature differs from downstream temperature by fraction of the percent and there is no much difference in the shock wave structure between Eddington approximation solution and other.
We performed the same calculation for the M1 closure, but the result for strong shock is almost the same as for the Eddington closure, because radiation flux F 0 is comparable with radiation density E 0 only in the part of the shock front where the temperature is relatively low. The similar behaviour we had in tests f1-f3 from the previous section.
Calculations with radiative transfer do not change the profiles significantly for the same reason: high Eddington factor affects only low-energy part of the temperature profiles. (see Fig. 8-9 ). The critical ratio in the Eddington approximation (p r /p g ) cr ≃ 8.5 does not correspond to the value (p r /p g ) cr ≃ 4.45 found by Belokogne (1959) . The approach described by Imshennik & Morozov (1964) seems to be more accurate because the complete system of radiation hydrodynamics equations is considered and as shown in the paper the Eddington approximation is more reliable in comparison with diffusion approximation. But the question remains how rigorous the Eddington approximation in comparison with exact solution of kinetic equation. Figure 8 . Normalized temperature and Eddington factor for test s1 (Table II) in solution with radiative transfer.
Using our code and semi-analytic calculations (see Appendix A)) we calculated the critical ratio by solving complete system of radiation hydrodynamics equations with no closure condition. The critical ratio in this case is (p r /p g ) cr ≃ 4.5 and it is close to the value which was previosly found in simpler approach by Belokogne (1959) . As opposed to the Eddington approximation in our calculation the Eddington factor is not constant. In discontinuity region its value is lower and consequently lower radiation pressure is needed to reach continuous solution. The accuracy of our iterative method is enough to estimate the critical ratio and compare it with the previous studies, but futher improvements of numerical approach are needed both for exact calculation of (p r /p g ) cr and for consideration of relativistic flows.
In case when we can not neglect the energy of the upstream gas the critical ratio will be lower than its maximum values (see Fig. 10 and more detailed investigation by Imshennik (1962) ). We already had this situation in test f3, although this test is highly relativistic and it requires separate accurate investigation.
CONCLUSIONS
Our investigation shows that for strong shock waves the Eddington approximation has a good accuracy in cal- Figure 9 . Normalized temperature and Eddington factor for test s10 (Table II) culating the shock front structure. It is not the case for relatively weak shocks where radiative transfer should be accurately taken into account for reliable calculations. Radiative transfer affects the gas for the head part of the shock front and closure approximations can not be already used for accurate calculations of radiation fluxes.
The analysis of criteria for disappearance of shock wave discontinuity in radiation-dominated media for strong shock waves shows that accurate approach in calculating of the Eddington factors provides the result (p r /p g ) cr ≃ 4.5. This value is close to result which was derived originally by Belokogne (1959) : (p r /p g ) cr ≃ 4.45 for monoatomic gases. Approximations of Eddington factors (e.g. the Eddington, the M1 closure) gives (p r /p g ) cr ≃ 8.5 (Imshennik & Morozov 1964) , but for strong shocks it does not affect radiation and hydro profiles significantly. The solution is more sensitive to the equation of state (Belokogne 1972a) .
The complete consideration of shock wave structure requires the analysis of relativistic and ultra-relativistic cases along with scattering in details and will be discussed separately. The qualitative analysis we used for shock wave structure can be extended to relativistic case, but it requires higher accuracy of the solution of the Figure 10 . Downstream critical radiation-to-gas pressure ratio pr/pg depending on fractional pressure jump in the Eddington approximation closure.
integro-differential equation of radiative transfer. In our priliminary calculations of relativistic flows for both the radiative transfer solutions and radiation moment closure, the critical downstream radiation-to-gas pressure ratio (p r /p g ) cr becomes larger with the increasing velocity of the shock wave due to decreasing of the preheated region. But at highly relativistic velocities the influence of Eddington factor approximation on the shock wave structure becomes more significant and the usage of predefined radiation moment closure may lead to incorrect results.
Our approach in modeling the shock wave structure at arbitrary velocities of matter is an important step towards realistic simulations of shock breakouts where the velocity of matter becomes highly relativistic. This includes simulations of hypernovae, superluminous supernovae, Type Ibc supernovae, exploding white dwarfs, gamma-ray bursts and their afterglows.
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APPENDIX

A. MOMENT EQUATIONS OF THE RADIATION FIELD
For steady flow in plane geometry the radiation field is described as follows: (Mihalas 1980) 
4π c dK dx
where q α is a four-vector whose components specify the rate of momentum and energy exchange between radiation and matter,
where subscript 0 relates to the comoving frame. We assume a gray body form for all opacities
where κ is frequency independent opacity and ρ 0 is the rest mass energy density. Scattering opacity is supposed to be zero. The thermal emissivity η 0 (ν 0 ) and absorption coefficient χ 0 (ν 0 ) are related by Kirchhoff's law η 0 = χ 0 B 0 :
Substituting components of four-vector in (A2), moment equations can be written in the following form:
where for temperature T we have the following expression
Elimination of p and ρ from radiation hydrodynamics equations gives the following equation for β:
H(β, F, P, n) = −U 1 /γ − (n + 1)β(U 2 − P ) + (1 + nβ 2 )(U 3 − F ) = 0.
Let us do phase analysis in the P F plane. After some algebra equilibrium points F x and P x of the system (1)-(2) can be found from the following algebraic equation 
Finding β x from this equation, F x and P x can be determined from:
where l is an eigenvalue of the matrix of the linearized system (A18-A19). The total derivatives df /dF and df /dP can be estimated from radiative transfer equation in the limit of small velocities β. In case of gas-dominated flow the solution of the radiative transfer equation can be written as formal solution (see Appendix B), and for asymptotic solution, where dE 0 /dx = |dF 0 /dx| = dP 0 /dx we have
Finally dF and dP can be found by differentiating Lorentz transformations (9) and equation for velocity: dF = γ 4 (4βF 0 + (1 + β 2 )(P 0 + E 0 ))dβ + γ 2 ((1 + β 2 )dF 0 + β(dP 0 + dE 0 )) (A33) dP = 4γ 4 (β(E 0 + P 0 ) + (1 + β 2 )F 0 )dβ + γ 2 (2βdF 0 + dP 0 + β 2 dE 0 )) (A34)
